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Abstract. A class of subharmonic functions represented by the 
modified kernels are proved to have the growth estimates u{z) = 
o(?/^^"|z|'"+") at infinity in the upper half plane C+, which gen- 
eralizes the growth properties of analytic functions and harmonic 
functions. 



1. Introduction and Main Theorem 



Let C denote the complex plane with points z = x + iy, where 
x,y E H. The boundary and closure of an open Q of C are denoted by 
dfl and fl respectively. The upper half-plane C+ is the set C+ = {z = 
X + iy E C : y > 0}, whose boundary is 9C+ . We write B{z,p) and 
dB{z,p) for the open ball and the sphere of radius p centered at z in 
C. We identify dC+ with R. 

For z G C\{0}, let([3]) 

E{z) = (27r)-Mog|z| 

where l-z] is the Euclidean norm . We know that E is locally integrable 
in C. 

We define the Green function G{z, () for the upper half plane C+ 

by([3]) _ _ 

G{z, = E{z -C)-E{z-0 zXeC;, zy^ (. (1.1) 
We define the Poisson kernel P{z,^) when z G C+ and ^ G (9C+ by 

dG{z,() 



drj 



ri=0 



y 

n\z-^\^' 



The Dirichlet problem of upper half plane is to find a function u 
satisfying 
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Au = 0,z e C+, 

limz^xu{z) = f{x) nontangentially a.c.x G 

where / is a measurable function of R. The Poisson integral of the 
upper half plane is defined by 

v{z) = P[f]{z) = f P{z,0f{0d^- (1-2) 

We have know that, the Poisson integral P[f] exists if 

1/(01 



L 



< oo. (1.3) 



(see [4] and [5]) In this paper, we will consider measurable functions / 
in R satisfying 

, '{^5!l < (1-4) 

where m is a natural number. To obtain a solution of Dirichlet problem 
for the boundary date /, we use the following modified functions defined 

by 

P , r i?(^-C) when Id <1, 

-^>-\E{z-0- ^5ft(logC - Er=i' ^) when |C| > 1. 

Then wc can define modified Green function Gjn{z, Q and the modified 
Poisson kernel Pm{z,$,) by 

G^(z, C) = £;^+i(^ - C) - ^m+i(^ - C) zXeC;, z^C; (1.5) 

p , / ^(^,0 ^ when|e|<l, 

Pm{z,0 - I p(,^^) _ icjj^- when > 1. 

where z — x + iyX — C + iV- 

Hayman([l]) has proved the following result: 

Theorem A Let / be a measurable function in R satisfying (1.3), let 
jj, he a. Borel positive measure satisfying 

Tl 

;dll{C) < OO. 



1 + ICP 

Write the subharmonic function 

u{z) ^ v{z) + h{z), zeC+ 

where v{z) be the harmonic function defined by (1.2), h{z) is defined 
by 



h{z)= [ G{z,C)dfi{0 



and G{z,() is defined by (1.1). Then there exists Zj G C+, pj > 0, 
such that 

oo 



< oo 

1^1 1 



holds and 

u{z) = o{\z\) as \z\ — > oo 

holds in C+ — G. where G = Ujli ^i^j^ Pj)- 

Our aim in this paper is to establish the following theorems. 

Theorem 1 Let / be a measurable function in R satisfying (1.4), and 
< q; < 2. Let v{z) be the harmonic function defined by 

v(z)= f Pm{z,OfiOd^ ^eC+ (1.7) 

where Pm{z,^) is defined by (1.6). Then there exists Zj e C+, pj > 0, 
such that 

oo 2-a 

E03=S<- (1-8) 

holds and 

v{z) = o(y^-"|2|™+") as \z\ oo (1.9) 
holds in C+ — G. where G = Ujli ^{zj, pj). 

Remark 1 If a = 2, then (1.8) is a finite sum, the set G is a bounded 
set, so (1.9) holds in C+. 

Next, we will generalize Theorem 1 to subharmonic functions. 

Theorem 2 Let / be a measurable function in R satisfying (1.4), let 
/X be a Borel positive measure satisfying 



f Tj 

I i>io_L dpiC) < oo. 



Write the subharmonic function 

u{z) = v{z) + h{z), z G C+ 
where v{z) be the harmonic function defined by (1.7), h{z) is defined 

by 

hiz)= [ Gm{zX)dp{C) 

and Gm{zX) is defined by (1.5). Then there exists Zj G C+, pj > 0, 
such that (1.8) holds and 

u{z) = o{y^-"\zr+'') as \z\ oo (1.10) 

holds in C+ — G. where G = Ujli B{zj, pj) and < a < 2. 

Remark 2 If a = 1, m = 0, this is just the result of Hamman, so our 
result (1.10) is the generalization of Theorem A. 
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2. Proof of Theorem 

Let /i be a positive Borcl measure in C, /3 > 0, the maximal function 
M{diJ,){z) of order (3 is defined by 

M(d,M = sup ^^W£^. 

0<r<oo rP 

then the maximal function M{diJ,){z) : C — > [0, cxo) is semicontinu- 
ous, hence measurable. To see this, VA > 0, let D{X) = {z E C : 
M{dn){z) > A}. Fix z e D{X), then 3 r > such that n{B{z, r)) > tr^^ 
for some t > X, and 35 > satisfying (r + S)^ < If |C~^| < then 
B{C,r + 6) D B{z,r), therefore fi{B{C,r + 6)) > tr^ = t{^)^{r + 6)^ > 

A(r + 5)^. Thus B{z,d) C -D(A). This proves that D{X) is open for 
each A > 0. 

In order to obtain the result, we need these lemmas below: 

Lemma 1 Let /i be a positive Borel measure in C, /3 > 0, /^(C) < 
oo, VA > 5'^/x(C), set 

E{X) = {z e C : |z| > 2, M{dn){z) > ^} 



then 3zj e E{X) , pj > 0, j = 1,2, ■ ■ ■ , such that 



E{X)G[jB{z„p,) (2.1) 

and 

P,^ .3MC)5^ 

^\zjf- X • ^^-^^ 
j=i I J I 

Proof: Let Ek{X) ^ {z e E{X) : 2^ < \z\ < 2^+'^}, then e 

£;jfc(A),3 r(^) > 0, such that p{B{z,r{z))) > A(^)^, therefore r{z) < 

2^~^. Since Ek{X) can be covered by the union of a family of balls 
{B{z,r{z)) : z G ^fc(A)}, by the Vitah Lemma([2]), 3 C ^^(A), 
is at most countable, such that {B{z,r{z)) : z G A^} are disjoint and 

Ek{X) C U,^A,B{z,5r{z)), 

so 

E{X) = UtLiEkiX) C ur=i U,eA, B{z, 5r{z)). (2.3) 

On the other hand, note that \Jz^Ai^B{z,r{z)) C {z : 2^'^ < \z\ < 
2^+^}, so that 

y: < 5^ j: m^m. < ^ 2- < \-a < 2'-}. 



Hence we obtain 

k=l zeAfc ' ' fe=l 

Rearrange {z : z ^ A^, k = 1, 2, ■ ■ • } and {5r{z) : z G A^, k — 1, 2, • • • }, 
we get {zj} and {pj} such that (2.1) and (2.2) hold. 

Lemma 2 (1) \^ZZo ^\ < ZT=o iJ^; 

(2) |SEr=o^l<2-+'ykr; 

(3) \guz,o-g(z,o\<^j:Zi'-^-, 

(4) |G'^(2;, C)| < ^IcP^- 

Now we are ready to prove Theorems. 

Throughout the proof, A denote various positive constants. 

Proof of Theorem 1 

Define the measure dm{^) and the kernel K{z,^) by 



^^(0 = K{z,o-Pm{z,o{i+\c\'n- 



For any £ > 0, there exists Re > 2, such that 

e 



dm(0 < 



For every Lebesgue measurable set C R , the measure m^^^ defined 
by m^^\E) = m{E n {x e R : |x| > i?J) satisfies m^^\K) < 



write 



v^{z) = / P{z,0{l+\e^ndm^^\0, 

J\i-z\<3\z\ 
J\i-z\<3\z\ 

vsiz) = [ K{z,i)dm^'\i), 

J\i-z\>2.\z\ 

va{z) = / K{z,i)dm{i), 

Jl<\i\<Re 

v,{z) = / K{z,i)dm{i). 

J\£\<1 



then 

|^^(^)| < |^;i(^)| + \v2{z)\ + |^;3(^)| + \v^{z)\ + \v^{z)\. (2.5) 
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Let ^i(A) = {z e C : \z\ > 2,3t > 0,m'-'^B{z,t) n R) > A(^)2-"}, 
when \z\ > 2i?£, z ^ -Ei(A), then 

> 0, m^'\B{z,t) OR) < A(^)'-". 

\z\ 



So we have 

< 



y<\^-z\<3\z\ 7r|^ - ^1 
n2m+5 



TT 



y<\^-z\<3\z\ 



m+2 



3 z 



^2 



where m^z\t) = L_ ,^.dm'^'^\^), since for 2; ^ -E'i(A), 



'l€-2|<« 



f3\z\ 1 



(31^1)^ ^ Jy 



-dt 



< 



< 



A 



A 



+ 2 



3kl A 



\z\^ 



-dt 



1 2 
+ 



so that 



\viiz)\ < 



3" q; y° 

22m+5 / I 2 



TT \3" a 
By (1) of Lemma 2, we obtain 



1— ai „|m+a 



+ - ]Xy'-"\z 



\V2{Z)\ < [ 

j 



2+k 



'y<\^-z\<3\z\ TT ICI 

2'=+iy|; 



■2|^|2+'"dm(^)(^) 



m— 1 



< / E 

'y<\^-z\<3\z\ fc^o TT 
22m+l "^-1 



-(4|^|)™-W")(0 



< 



1 1 



A;=0 



^y\z\ 



Am—l+a 

< £y\zr- 

TT 



(2.6) 



(2.7) 



By (2) of Lemma 2, we see that([6]) 



\v.{z) 



< 



l\i-z\>^z\ 



22. zk+i 



E 



k=m 



2+k 



L 



< 



\^-z\>3\z\ 



TT 



< 



TT 52-° 
2m-2+2a 



E 

k=Q 



TT 



(2.8) 



Write 



'l<\i\<Re 

= ^41(2;) - ^42(2;), 



then 

1^41(2;) 



< 



< 



'l<|^|<Re 

2Rl+"'y 



2+rny r 



TT 



(2.9) 



by (1) of Lemma 2, we obtain 



I'y42(^)| < 



m-l ^ 



2^^1/1 



-2 



2+fe 



■2\i\^+^dm{i) 



Z—^ TT 

fc=0 



< 



TT 



m— 1 



(2.10) 



In case |(^| < 1, note that 



so that 



I ( [ 2^ ^ 2^m(R) y 

•/|«I<1 7r(f )2 TT \Z\^ 



(2.11) 
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Thus, by collecting (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)and (2.11), 
there exists a positive constant A independent of e, such that if \z\ > 
2Rs and z ^ Ei{e), we have 

\v{z)\ < Aey^-'^\z\'^+'^. 

Let jie be a measure in C defined by fieiE) = m!^^\E fl R) for every 
measurable set E in C. Take e — Sp— p— 1, 2, 3, • • • , then there 
exists a sequence {Rp\: 1 — Rq < Ri < R2 < ■ ■ ■ such that 



\i\>Rp ^ 

Take A = 3 • 5^~° • 2P/i,£p(C) in Lemma 1, then 3 Zj^p and pj^p, where 
Rp-i < \^j,p\ < Ftp such that 

00 ^ 

So if Rp-i < \z\ < Rp, z ^ Gp — [J'j?^iB{zj^p, pj^p), we have 

\v{z)\<Aepy'~'^\zr+'', 

thereby 

00 00 00 

p=i j=i ' p=i 

Set G = U~ iGp, then Theorem 1 holds. 
Proof of Theorem 2 

Define the measure dn{() and the kernel L{z, () by 

^^^^^ i + IcK- ' ^(^,C) = G'^(^,C) — — ■ 

then the function h{z) can be written as 

h{z)= [ L{z,C)dn{C). 
Jc+ 

For any £ > 0, there exists i?^ > 2, such that 

dn{C) < ^ 



\<:\>Re ^ 

For every Lebesgue measurable set £^ C C , the measure n^^^ defined 
by n^'\E) ^ n(E (1 E C+ : \C\ > R,}) satisfies n^'\C+) < 



write 



hi{z 
h2{z 

hfiiz 



1 -L |/-|2+m 

G{z,0—^ dn^'\0, 



V 

G{z,C)^'^^^dn^^\C), 

<IC-^l<3|z| V 

1 _|_ |/"|2+m 

{Gm{z,0-G{z,0)—^ dn^'\0, 

|C-z|<3|z| V 



L{z,Odn^'\0, 
Liz,C)dn{C), 

f L{z,C)dn{C). 
J\c\<i 



|C-z|>3|z| 

r 

l<|CI<i?e 

ICI<i 



then 



h{z) = hi{z) + h2{z) + h^{z) + /i4(-z) + K{z) + /i6(-z)- (2.12) 
Let E2{\) ^ {z ■.\z\>2,3t> 0,n^'\B(z,t) n C+) > A(^)2-"}, 
when > 2R^, z ^ -E'2(A), then 

t 



yt > 0, n^'\B{z,t)r\C+) < A(— )^-°. 

-2 



So we have 



\hi{z)\ < [ ^log 



< 



< 



IC-^l<t 



C-z 


H 




C-z 


7] 



dn^'\0 



1 



2 X (3/2)2+'" |^|2+m 



TT 1/ ^|C-^|<f 

2 X (3/2)2+- |^|2+m 



TT 



1/ Jo 



log^dnl^)(i) 



< 



2 X (3/2) 



2+m 



TT 



log 6 

22=^ ' (2-a)2 



+ 



2-a 



l—a\ „|m+a 



(2.13) 



where riz it) = J^^_^^^^dn'^''\C). 
Note that 



\G{z,0\^\E{z-0-E{z-0\< 



yv 



7r|^-C|^ 



(2.14) 
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then by (2.14), we have 

Jy-<\C~z\<z\z\Az-C,V V 

n2m+5 r i 

^ -'f<ic-^l<3ki F - CI 

22m+5 r3\z\ -1 

2 

< -^y\z\'+"^—{- + 



Q2m+5 / 1 '2°''^^ \ 



< 



By (3) of Lemma 2 , we obtain 

K-z\<3\z\ 

k=l 
22m+2a+l 

By (4) of Lemma 2, we see that 



2 



< / - y ky--^, Tdn^'\0 



< 



2^+2 ;t 1 

fc=m+l 



TT 

Write 

/i5(^) = / [G{z,0 + {Gm{z,0-G{z,0)] 

Jl<\C\<Re 

= ^51(2;) + /i52(2;), 



1 + ICI 



11 

then we obtain by (2.14) 

\h5i{z)\ < / dn{C) 

2 p2+m c -1 

^ ^i<ici<R. (V) 

< ^ ^ I ,o - 2.18 

by (3) of Lemma 2 , we obtain 

1 ^ %r;|^|*=-i2|Cp+"' 



2 " 



< -yky\z\^-^R^-''+^n(C+) 



TT _ 

< '"<'"'+ ^^»""'c^',|.r-. (2.19) 

TT 

In case |C| < 1, by (2.14), we have 

yV 2 2y 



\L{zX)\< 



TT\z-C,\^r] ttI^-CI 



2' 



SO that 

|AaWI</ -jLMO<^^j^r (2-20) 

>^ICI<i 7r(y)^ 1^1 

Thus, by collecting (2.12), (2.13), (2.15), (2.16), (2.17), (2.18), (2.19) 
and (2.20), there exists a positive constant A independent of £, such 
that if 1 2; I > 2i?£ and z ^ E2{e), we have 

\h{z)\ < A£y^-°|zp+". 

Similarly, if 2; ^ G, we have 

h{z) = o{y^~'^\z\'^+'^) as \z\ 00. (2.21) 

by (1.9) and (2.21), we obtain 

u{z) = v{z) + h{z) = o(y^-°^|zp+°^) as \z\ 00 

hold in C+ - G. 
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